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In this paper we show that if f : I → I is a map such that the inverse limit space, P =
lim←−{I, f }∞i=1 is the pseudo-arc, then the entropy of f and hence the entropy of the shift
map f̂ is either 0 or inﬁnite.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper we show that if f : I → I is a map such that the inverse limit space, P = lim←−{I, f }∞i=1 is the pseudo-arc,
then the entropy of f and hence the entropy of the shift map f̂ is either 0 or inﬁnite. This improves the result by Block,
Keesling and Uspenskij [2] which states that if the entropy of f is positive, then it must be greater than log(2)/2.
A continuum is a compact, connected metric space. One method for constructing complicated continua and maps on
those spaces is through inverse limits. Let {Xi}∞i=1 be collection of topological spaces and f i : Xi+1 → Xi be a continuous
function for each i. The inverse limit of (Xi, f i) is a new topological space:
X̂ = lim←−(Xi, f i)∞i=1 =
{〈xi〉∞i=1 ∣∣ xi ∈ Xi and f i(xi+1) = xi}.
X̂ has the subspace topology induced on it by
∏∞







where di is the metric on Xi and {diam(Xi)}∞i=1 is bounded. Also, let πi : X̂ → Xi be the ith coordinate map. If each f i is the
same map f , then the inverse limit can be written as X̂ = lim←−(X, f )∞i=1. In this case, there is a natural shift homeomorphism
f̂ : X̂ → X̂ induced by f :
f̂
(〈xi〉∞i=1)= 〈 f (xi)〉∞i=1.
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f̂ −1
(〈x1, x2, x3 . . .〉)= 〈x2, x3, x4, . . .〉.
The shift homeomorphism, f̂ , often has the same dynamical properties as the bonding map f . For more on inverse limits
see [3,5], or [13].
One of the most important continua is the pseudo-arc P . A continuum is a pseudo-arc if it is a hereditarily indecompos-
able chainable continuum. A continuum is chainable (also known as arc-like) if it is the inverse limit of arcs. A continuum
is decomposable if it is the union of two of its proper subcontinua. A continuum is indecomposable if it is not decomposable.
A continuum is hereditarily indecomposable if every subcontinuum is indecomposable. The pseudo-arc has several interesting
properties, one of which is that it is homeomorphic to each of its nondegenerate subcontinua. For a nice survey on the
pseudo-arc see [8]. Henderson gave an example of a single map on the interval whose inverse limit is the pseudo-arc [4].
This map has simple dynamics and zero entropy (see [10]).
Topological entropy is a measure of the complexity of a dynamical system. The following deﬁnition of entropy is due to
Bowen [12]. Suppose that f : X → X is a map of a compact space and n a non-negative integer. Deﬁne




f i(x), f i(y)
)
.
A ﬁnite subset En of X is said to be (n, )-separated with respect to map f if d+n (x, y) >  whenever x and y are distinct
elements of En . Let sn(, X, f ) denote the largest cardinality of any (n, )-separated subset of X with respect to f . Then put
s(, X, f ) = limsup
n→∞
log sn(, X, f )
n
.
The entropy of f on X is then deﬁned as
Ent( f , X) = lim
→0 s(, X, f ).
The following theorem by Ye shows a way to compute the entropy of certain maps of inverse limit spaces:
Theorem 1. ([14]) Suppose X̂ = lim←−(Xi, f i)∞ı=1 , hi : Xi → Xi , hi ◦ f i = f i ◦ hi+1 and ĥ : X̂ → X̂ is deﬁned by ĥ(〈xi〉∞i=1) = 〈hi(xi)〉∞i=1 .
Then Ent(̂h, X̂) = supi Ent(hi, Xi).
It follows that the entropy of the shift homeomorphism f̂ of lim←−{X, f }∞ı=1 is the same as the entropy of f .
2. Patterns and covers
Let U be a ﬁnite open cover of the pseudo-arc X . The mesh of U is deﬁned by
mesh(U) = sup{diam(U ) ∣∣ U ∈ U}.
Cover V reﬁnes cover U if for each V ∈ V there exists U ∈ U such that V ⊂ U . V closure reﬁnes U if for each V ∈ V there
exists U ∈ U such that V ⊂ U . A cover is taut if U ∩ V = ∅ for all disjoint U , V ∈ U . From here on out, we will assume that
all covers are taut. For U ∈ U , the core of U is deﬁned as
core(U ) =
⋂{
U − V ∣∣ V ∈ U − {U }}.





A chain [C1,C2, . . . ,Cn] is a collection of open sets such that Ci ∩C j = ∅ if and only if |i− j| 1. The elements of a chain
are called links. A subcontinuum H runs through a subchain [Ci, . . . ,C j] if core(Ck) ∩ H = ∅ for all k ∈ {i, . . . , j}.
If m < n are positive integers, then we denote the set {m,m + 1, . . . ,n} by [m,n]. A function f : [1,m] → [1,n] is called





i if i  5,
3 if i = 4m+ 3 for somem ∈N,
4 if i = 2m+ 4 for somem ∈N,
5 if i = 4m+ 5 for somem ∈N,
6 if i = 2k + 4,
7 if i = 2k + 5.
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Let V = [V1, . . . , Vm] and U = [U1, . . . ,Un] be chain covers of a compactum X and let f : [1,m] → [1,n] be a pattern.
We say that V follows pattern f in U provided that Vi ⊂ U f (i) for each i = 1, . . . ,m. If f is a k-fold then we say that V is a
k-fold reﬁnement of U (see Fig. 1).
Next suppose that U is a taut ﬁnite open cover. Then deﬁne
d(U) =min{d(U i,U j) ∣∣ Ui ∩ U j = ∅ for Ui,U j ∈ U}.
The ﬁrst theorem is Lemma 1 in [6].
Theorem 2. Let U = [U1, . . . ,U7] be a taut open chain cover of continuum Y and suppose that V = [V1, . . . , Vm] is a k-fold reﬁne-
ment of U . Then there exist k subcontinua {Yi}ki=1 of Y such that diam(Yi) d(U) and d(Yi, Y j) d(V) whenever i = j.
Corollary 3. Suppose that:
(1) U = [U1, . . . ,U7] is a taut chain cover for continuum X.
(2) Vk is a k-fold reﬁnement of U .
(3) Y is a subcontinuum of X such that Y ∩ U1 = ∅ and Y ∩ U7 = ∅.
Then there exists k pairwise disjoint subcontinua {Ym}km=1 of Y such that:
(1) d(Ym, Ym′ ) d(Vk) whenever m =m′ .
(2) Ym ∩ U3 = ∅ and Ym ∩ U5 = ∅.
Proof. For each m ∈ {1, . . . ,k} there exists a subcontinuum Ym ⊂ V2m+2 such that Ym ∩ V2m+1 = ∅ and Ym ∩ V2m+3 = ∅.
Then {Vm}km=1 has the desired properties. 
The next theorem is due to Oversteegen and Tymchatyn:
Theorem 4. ([11]) Let X be a hereditarily indecomposable compactum and let U = [U1, . . . ,Un] be an open taut chain cover of X
such that there exists a subcontinuum Z ⊂ X such that Z ∩ core(U1) and Z ∩ core(Un) are both nonempty. Let f : [1,m] → [1,n] be
a pattern on U . Then there exists an open taut chain cover V of X such that V follows pattern f in U .
Corollary 5. Suppose that P is the pseudo-arc and U = [U1, . . . ,U7] is a taut chain cover for P . Then for each odd natural number k
there exists a taut k-fold reﬁnement Vk of U .
3. Main result
Let U = [U1, . . . ,U7] be a taut chain cover of continuum X . f : X → X stretches U if f (U3) ⊂ U1 and f (U5) ⊂ U7 (or
f (U5) ⊂ U1 and f (U3) ⊂ U7). We say that f is a stretching map of X if there exists a taut chain cover U of X and q ∈ N
such that f q stretches U .
Proposition 6. Suppose that f : I → I is a map such that there exist a < b where f (a) < a and b < f (b). Then f is a stretching map.
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0 <  < 1/3min{a− r,b − a, s − b}
such that f ((a − ,a + )) ⊂ [0, r) and f ((b − ,b + )) ⊂ (s,1]. Let x1, x2, x3, x4 be such that
f (a) < r < a −  < x1 < a < x2 < a +  < b −  < x3 < b < x4 < b +  < s < f (b).
Let
U = [[0, r), ( f (a), x1), (a − ,a + ), (x2, x3), (b − ,b + ), (x4, f (b)), (s,1]].
Then f stretches U . 
Proposition 7. Suppose that f : I → I is a map such that there exist a < b such that f (b) < a and b < f (a). Then f is a stretching
map.
Proof. Proof is similar to Proposition 6. 
The following is Theorem 25 in [1]:
Theorem 8. Let f : I → I be a map with positive entropy. Then there exist disjoint closed intervals A1 , A2 and A3 and q ∈N such that
A1 ∪ A2 ∪ A3 ⊂ f q(A1) ∩ f q(A2) ∩ f q(A3).
Corollary 9. Let f : I → I be a map with positive entropy. Then f is a stretching map.
Proof. Let q, A1, A2 and A3 be as in Theorem 8. Without loss of generality, we may assume that max A1 < min A2 <
max A2 < min A3. Then there exist a1,a2 ∈ A2 such that f q(a1) = A1 and f q(a2) = A3. Thus by Proposition 6 or 7, f q is a
stretching map. 
Theorem 10. Let h : P → P be a stretching map of the pseudo-arc. Then h has inﬁnite entropy.
Proof. We may assume that there exists a taut chain cover U = [U1, . . . ,U7] and q ∈ N such that hq(U3) ⊂ U1 and
hq(U5) ⊂ U7. Pick any odd natural number k. Then by Corollary 5, there exists a k-fold reﬁnement Vk of U . Let k = d(Vk).
By Corollary 3, there exist k disjoint subcontinua {H(i)}ki=1 of X such that:
(1) H(i) ∩ U3 = ∅.
(2) H(i) ∩ U5 = ∅.
(3) d(H(i), H( j)) > k for i = j.
Since h is a stretching map, it follows that for each i ∈ {1, . . . ,k}:
(1) hq(H(i)) ∩ U1 = ∅.
(2) hq(H(i)) ∩ U7 = ∅.
Then by Corollary 3, there exist k subcontinua {H(i, j)}kj=1 of hq(H(i)) such that:
(1) H(i, j) ∩ U3 = ∅.
(2) H(i, j) ∩ U5 = ∅.
(3) d(H(i, j), H(i, j′)) > k for j = j′ .
Hence we obtain a collection {H(i1, i2)}i j∈{1,2,...,k} of subcontinua.
Continuing inductively, suppose that {H(i1, i2, . . . , in)}i j∈{1,...,k} have been found such that
(1) hq(H(i1, i2, . . . , in)) ∩ U1 = ∅;
(2) hq(H(i1, i2, . . . , in)) ∩ U7 = ∅
for each i j ∈ {1, . . . ,k}.
Then by Corollary 3, for each (i1, i2, . . . , in) there exist k subcontinua, {H(i1, i2, . . . , in, j)}kj=1, of hq(H(i1, i2, . . . , in)) such
that:
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(2) H(i1, i2, . . . , in, j) ∩ U5 = ∅.
(3) d(H(i1, i2, . . . , in, j), H(i1, i2, . . . , in, j′)) > k for j = j′ .
Consequently, for each n = 1,2, . . . , we can construct a collection {H(i1, i2, . . . , in)}i j∈{1,...,k} of subcontinua.
Choose a point x(i1, . . . , in) ∈ h−(n−1)q(H(i1, . . . , in)) and let En be the collection of such points. Notice that
h( j−1)q(x(i1, . . . , in)) ∈ H(i1, . . . , i j) for each j ∈ {1, . . . ,n}. Hence, En is an (n, k)-separated set. Thus






















Ent(k, H,h) = ∞. 
The following corollaries are the main results of this paper:
Corollary 11. Suppose that h : P → P , φ : P → I and f : I → I are maps such that f has positive entropy and φ ◦ h = f ◦ φ . Then h
has inﬁnite entropy.
Proof. Since Ent( f ) > 0, there exists a taut chain cover U = [U1, . . . ,U7] of I and integer q such that f q stretches U by
Corollary 9. However, then φ−1(U) is a taut chain cover of P and hq must stretch φ−1(U) since φ ◦ h = f ◦ φ. Thus by
Theorem 10, h has inﬁnite entropy. 
Note. It has been show by Wayne Lewis [7] that if f : I → I is a map, then there exists a map φ : P → I and a homeomor-
phism h : P → P such that φ ◦ h = f ◦ φ.
Corollary 12. Suppose that fi,hi : I → I and h : P → P are such that:
(1) P = lim←−(I, f i).
(2) hi ◦ f i = f i ◦ hi+1 .
(3) h(〈xi〉∞i=1) = 〈hi(xi)〉∞i=1 .
(4) h has positive entropy.
Then h has inﬁnite entropy.
Proof. By Theorem 1, Ent(h) = supi Ent(hi). Thus, there exists i′ such that Ent(hi′ ) > 0. Let πi′ : P → I be the i′th projection
map. Then πi′ ◦ h = hi′ ◦ πi′ . Thus by Corollary 11, h has inﬁnite entropy. 
Corollary 13. Suppose that f : I → I is a map such that the pseudo-arc P = lim←−(I, f ), then the entropy of f and the shift homeomor-
phism f̂ are either both 0 or both inﬁnity.
Corollary 14. Suppose that f : I → I is a map such that the pseudo-arc P = lim←−(I, f ) and g : I → I is a map such that f ◦ g = g ◦ f .
Then the entropy of g is either 0 or inﬁnity.
There are still several open questions related to this:
Question 1. ([9]) If f : P → P is a map of the pseudo-arc, must the entropy of f be 0 or inﬁnity?
C. Mouron / Topology and its Applications 159 (2012) 34–39 39One may just consider homeomorphisms of the pseudo-arc since lim←−(P , f ) is homeomorphic to P and the entropy of f
is the same as the entropy of the shift homeomorphism. The next question pertains to “diagonal maps of inverse limits”:
Question 2. Suppose that P = lim←−(I, f ) is the pseudo-arc and g : I → I is a map such that f ◦ g = g ◦ f . Let h˜ : P → P be
deﬁned by h˜(〈xi〉∞i=1) = 〈h(xi+1)〉∞i=1. Must the entropy of h˜ be either 0 or inﬁnity?
There does exist onto maps p,q : I → I such that p ◦ q = q ◦ p and Ent(p) = Ent(q) = 0 but Ent(p ◦ q) > 0 (see [10]).
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